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UNIFORM CONVERGENCE OF DOUBLE
FOURIER-LEGENDRE SERIES OF FUNCTIONS OF
BOUNDED GENERALIZED VARIATION
USHANGI GOGINAVA
Abstract. The Uniform convergence of double Fourier-Legendre se-
ries of function of bounded Harmonic variation and bounded partial
Λ-variation are investigated.
1. Classes of Functions of Bounded Generalized Variation
In 1881 Jordan [14] introduced a class of functions of bounded variation
and applied it to the theory of Fourier series. Hereinafter this notion was
generalized by many authors (quadratic variation, Φ-variation, Λ-variation
ets., see [5, 18, 23, 24]). In two dimensional case the class BV of functions
of bounded variation was introduced by Hardy [13].
Let f be a real function of two variable. Given intervals ∆ = (a, b),
J = (c, d) and points x, y from I := [−1, 1] we denote
f(∆, y) := f(b, y)− f(a, y), f(x, J) = f(x, d)− f(x, c)
and
f(∆, J) := f(a, c)− f(a, d)− f(b, c) + f(b, d).
Let E = {∆i} be a collection of nonoverlapping intervals from I ordered in
arbitrary way and let Ω be the set of all such collections E. Denote by Ωn
set of all collections of n nonoverlapping intervals ∆k ⊂ I.
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Definition 1. We say that the function f has Bounded Λ-variation on I2
and write f ∈ ΛBV , if
ΛV (f ; I2) := ΛV1(f ; I
2) + ΛV2(f ; I
2) + ΛV1,2(f ; I
2) <∞.
We say that the function f has Bounded Partial Λ-variation and write f ∈
PΛBV if
PΛV (f ; I2) := ΛV1(f ; I
2) + ΛV2(f ; I
2) <∞.


















































, i = 1, 2.
If λn ≡ 1 (or if 0 < c < λn < C <∞, n = 1, 2, . . .) the classes ΛBV and
PΛBV coincide with the Hardy class BV and PBV respectively. Hence it
is reasonable to assume that λn → ∞ and since the intervals in E = {∆i}
are ordered arbitrarily, we will suppose, without loss of generality, that the
sequence {λn} is increasing. Thus,
(1) 1 < λ1 ≤ λ2 ≤ . . . , lim
n→∞
λn =∞.
In the case when λn = n, n = 1, 2 . . . we say Harmonic Variation instead
of Λ-variation and write H instead of Λ (HBV , PHBV , HV (f), ets).
The notion of Λ-variation was introduced by Waterman [24] in one di-
mensional case, by Sahakian [21] in two dimensional case. The notion of
bounded partial variation (PBV ) was introduced by Goginava [11] and the
notion of bounded partial Λ-variation, by Goginava and Sahakian [12].
The statements of the following theorem is known.
Theorem D (Dragoshanski [9]). HBV = CHV .
Definition 3. Let Φ-be a strictly increasing continuous function on [0,+∞)
with Φ (0) = 0. We say that the function f has bounded partial Φ-variation
on I2 and write f ∈ PBVΦ, if
V
(1)






Φ (|f (Ii, y) |) <∞, n = 1, 2, ...,
V
(2)






Φ (|f (x, Jj) |) <∞, m = 1, 2, ....
In the case when Φ (u) = up, p ≥ 1, the notion of bounded partial p-
variation (class PBVp) was introduced in [10].
In [12] it is proved that the following theorem is true.
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Theorem GS1. Let Λ = {λn} and λn/n ≥ λn+1/ (n+ 1) > 0, n =







then PΛBV ⊂ HBV .













then PΛBV 6⊂ HBV .
Corollary 1. PBV ⊂ HBV and PHBV 6⊂ HBV .
Definition 4 (see [11]). The partial modulus of variation of a function f
are the functions v1 (n, f) and v2 (m, f) defined by






|f (Ii, y)| , n = 1, 2, . . . ,






|f (x, Jk)| , m = 1, 2, . . . .
For functions of one variable the concept of the modulus variation was
introduced by Chanturia [5].
The following theorem is proved by Goginava and Sahakian [12].






<∞, j = 1, 2,





is the space of continuous functions on I2 with uniform norm
‖f‖C := max
(x,y)∈I2
|f (x, y)| .
The partial moduli of continuity of a function f ∈ C (I2) in the C-norm
are defined by
ω1 (f ; δ) := max {|f (x, y)− f (s, y)| , x, y, s ∈ I, |x− s| ≤ δ} ,
ω2 (f ; δ) := max {|f (x, y)− f (x, t)| , x, y, t ∈ I, |y − t| ≤ δ} ,
while the mixed modulus of continuity is defined as follows:
ω1,2 (f ; δ1, δ2) : = max {|f (x, y)− f (s, y)− f (x, t) + f (s, t)| ,
x, y, s, t ∈ I, |x− s| ≤ δ1, |y − t| ≤ δ2} .
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2. Fourier-Legendre Series
Let pn (x) be the Legendre orthonormal polynomial of degree n. If f is












f (s, t) pn (s) pm (t) dsdt
is (n,m)th Fourier coefficient of the function f .
The rectangular partial sums of double Fourier-Legendre series are defined
by





f̂ (n,m) pn (x) pm (y) .
It is easy to show that





f (s, t)Kn (x, s)Km (y, t) dsdt,
where
Kn (x, s) :=
n−1∑
k=0
pk (s) pk (x) .
It is well-know the Chrestoffel-Darboux formula (see ([22]))
(3) Kn (x, t) =
γn−1
γn







(4) |pn (x)| ≤ c
(1− x2)1/4
, x ∈ (−1, 1)
from (3) we have
(5) |Kn (x, t)| ≤ c|x− t| (1− x2)1/4 (1− t2)1/4
.





Kn (x, t) dt
∣∣∣∣∣∣ ≤
c
n (x− s) (1− x2)1/4
(−1 ≤ s < x < 1) ,





Kn (x, t) dt
∣∣∣∣∣∣ ≤
c
n (s− x) (1− x2)1/4





|Kn (x, t)| dt ≤ c (1 + x)
(1− x2)1/2





|Kn (x, t)| dt ≤ c (1− x)
(1− x2)1/2
(−1 < x < 1) .
3. Convergence of double Fourier-Legendre series
The well known Dirichlet-Jordan theorem (see [25]) states that the trigono-
metric Fourier series of a function f(x), x ∈ [0, 2pi) of bounded variation
converges at every point x to the value [f (x+ 0) + f (x− 0)] /2.
Hardy [13] generalized the Dirichlet-Jordan theorem to the double trigono-
metric Fourier series. He proved that if function f(x, y) has bounded vari-
ation in the sense of Hardy (f ∈ BV ), then double trigonometric Fourier
series of the continuous function f converges uniformly on [0, 2pi]2. The au-
thor [11] has proved that in Hardy’s theorem there is no need to require the
boundedness of V1,2(f); moreover, it is proved that if f is continuous function
and has bounded partial variation (f ∈ PBV ) then its double trigonometric
Fourier series converges uniformly on [0, 2pi]2.
Convergence of rectangular and spherical partial sums of d-dimensional
trigonometric Fourier series of functions of bounded Λ-variation was investi-
gated in details by Sahakian [21], Dyachenko [6, 7, 8], Bakhvalov [1], Sablin
[20].
For the one-dimensional Fourier-Legendre series the convergence of par-
tial sums of functions Harmonic bounded variation and other bounded gen-
eralized variation were studied by Agakhanov, Natanson [2], Bojanic [4],
Belenki˘ı [3], Kvernadze [15, 16, 17], Powierska [19].
In this paper we prove that the following are true.









double Fourier-Legendre series of the function f uniformly converges to f
on [−1 + ε, 1 − ε]2.
Theorem D and Theorem 1 imply









double Fourier-Legendre series of the function f uniformly converges to f
on [−1 + ε, 1 − ε]2.
Theorem GS1 and Theorem 2 imply
6 USHANGI GOGINAVA








Then double Fourier-Legendre series of the function f uniformly converges
to f on [−1 + ε, 1 − ε]2,ε > 0.













for some δ > 0.
Then double Fourier-Legendre series of the function f uniformly converges
to f on [−1 + ε, 1 − ε]2.
Theorem GS2 and Theorem 2 imply






<∞ j = 1, 2.
Then double Fourier-Legendre series of the function f uniformly converges
to f on [−1 + ε, 1 − ε]2,ε > 0.





, 0 < α, β < 1. Then double Fourier-Legendre series of the func-
tion f uniformly converges to f on [−1 + ε, 1 − ε]2,ε > 0.






, p ≥ 1. Then double Fourier-Legendre
series of the function f uniformly converges to f on [−1 + ε, 1− ε]2,ε > 0.
4. Proofs of Main Results
Proof of Theorem 1. Denote
(10) sj := x+
j (1− x)
n
, j = 1, 2, ..., n, x ∈ (−1, 1) ,
(11) ti := y − i (1 + y)
m
, i = 1, 2, ...,m, y ∈ (−1, 1)
(12) g (s, t) := f (s, t)− f (x, y) .
Then from (2) we can write





























 (g (s, t)Kn (x, s)Km (y, t) dsdt)
= I1 + I2 + I3 + I4,
























 (g (s, t)Kn (x, s)Km (y, t) dsdt)
= II1 + II2 + II3 + II4.









(g (s, t)− g (sj, t))Kn (x, s) ds








(g (s, t)− g (sn−1, t))Kn (x, s) ds











Kn (x, s) ds

Km (y, t) dt
= II41 + II42 + II43.
From (4) and (5) we have





|pj (t) pj (y)| dt
1∫
sn−1











(s− x) (1− x2)1/4 (1− s2)1/4







≤ c (ε) ‖f‖C
n3/4
= o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
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|g (s, t)− g (sj , t)|
(s− x) (1− x2)1/4 (1− s2)1/4
ds










|g (s, t)− g (sj, t)|




























































































It is easy to show that∑
1≤j<n/2































= o (1) as n→∞
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uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .


























= o (1) as n→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Combining (17)-(19) we obtain that
(20) II41 = o (1) as n→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .










Kn (x, s) ds













Kn (x, s) ds









Kn (x, s) ds








(g (sj+1, t)− g (sj, t))
1∫
sj+1
Kn (x, s) ds

Km (y, t) dt
= II431 + II432.
10 USHANGI GOGINAVA
It is easy to show that
|II431| ≤ c (ε)m
n (s1 − x)
y∫
t1























= o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
From (7), (18) and (19) we obtain





|g (sj+1, t)− g (sj, t)|
(sj+1 − x)n |Km (y, t)| dt(23)




|g (sj+1, t)− g (sj, t)|
j
= o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
From (21)-(23) we have
(24) II43 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Combining (15), (20), (16) and (24) we conclude that
(25) II4 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Analogously, we can prove that
(26) II1 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .





















= o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .






















(g (s, t)− g (sj, t)− g (s, ti) + g (sj, ti))































Kn (x, s)Km (y, t) dsdt
= III1 + III2 + III3 + III4.



















(g (s, ti)− g (sn−1, ti))Kn (x, s)Km (y, t) dsdt
= III31 + III32.
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(f (s, ti+1)− f (sj, ti+1)


















(f (s, ti+1)− f (sj, ti+1)
−f (s, ti) + f (sj, ti)Kn (x, s))Km (y, t) dsdt
= III311 + III312.












|f (s, t1)− f (sj, t1)|


















|f (s+ sj, t1)− f (sj, t1)|
j (n− j)1/4
ds
= o (1) as n,m→∞
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|f (s, ti+1)− f (sj, ti+1)







m (y − ti+1)
sj+1∫
sj
|f (s, ti+1)− f (sj, ti+1)
−f (s, ti) + f (sj , ti)| ds












|f (s, ti+1)− f (sj , ti+1)













|f (s+ sj, ti+1)− f (sj, ti+1)











|f (s+ sj , ti+1)− f (sj , ti+1)











|f (s+ sj, ti+1)− f (sj, ti+1)











|f (s+ sj, ti+1)− f (sj, ti+1)










(n− j) i |f (s+ sj, ti+1)− f (sj, ti+1)















log (k + 1) log (l + 1)








= o (1) as n,m→∞
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uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Combining (30), (31) and (32) we have
(33) III31 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .



























(f (s, ti+1)− f (sn−1, ti+1)














(f (s, ti+1)− f (sn−1, ti+1)
−f (s, ti) + f (sn−1, ti))Kn (x, s)Km (y, t) dsdt



















|Km (y, t)| dt ≤ c (ε)
m3/4
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for III321 we can write
(35) |III321| ≤ c (ε) ‖f‖C
(nm)3/4
= o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
On the other hand,


















|f (s, ti+1)− f (s, ti)|
















= o(1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
From (34), (35) and (36) we have
(37) III32 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Combining (29), (33) and (37) we conclude that
(38) III3 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Analogously we can prove that
(39) III2 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
























































































(n− j)1/4 (m− j)1/4































(n− j) (m− j)
× |f (s+ sj, t+ ti)− f (sj, t+ ti)− f (s+ sj, ti) + f (sj, ti)|
= IV1 + IV2 + IV3 + IV4.















log (l + 1) log (r + 1)(42)








= o (1) as n,m→∞
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uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Analogously, we can prove that
(43) IVi = o (1) as n,m→∞, i = 2, 3, 4
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Combining (40), (41), (42) and (43) we get
(44) III1 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .

















































Kn (x, s)Km (y, t) dsdt
= III41 + III42 + III43 + III44.
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|f (sj, ti)− f (sj+1, ti)− f (sj, ti+1) + f (sj+1, ti+1)|
× 1
n (sj+1 − x)
1






|f (sj, ti)− f (sj+1, ti)− f (sj , ti+1) + f (sj+1, ti+1)|
ij
= o (1) as n,m→∞


















|f (s1, ti+1)− f (s1, ti)|
i
= o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Analogously, we can prove that
(48) III43 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 ,

























= o (1) as n,m→∞
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uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
From (45)-(48) we have
(50) III4 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
By (28), (38), (39), (44) and (50) we obtain
(51) II3 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
From (14), (25), (26), (27) and (51) we conclude that
(52) I1 = o (1) as n,m→∞
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Analogously we can prove that
(53) Ii = o (1) as n,m→∞, i = 2, 3, 4
uniformly with respect to (x, y) ∈ [−1 + ε, 1 − ε]2 .
Combining (13), (52) and (53) we complete the proof of Theorem 1. 
References
[1] Bakhvalov A. N. Continuity in Λ-variation of functions of several variables and the
convergence of multiple Fourier series (Russian).Mat. Sb. 193, 12(2002), 3–20; English
transl.in Sb. Math. 193, 11-12(2002), no. 11-12, 1731–1748.
[2] Agakhanov S.A. and Natanson G. I. The approximation of functions by the Fourier-
Jacobi sums, Dokl. Akad. Nauk 166 (1966), 9-10.
[3] Belenki˘ı A. M. Uniform convergence of Fourier-Jacobi series on an orthogonality
segment. (Russian) Mat. Zametki 46 (1989), no. 6, 18–25, 126; translation in Math.
Notes 46 (1989), no. 5-6, 901–905.
[4] Bojanic´ R. An estimate of the rate of convergence for Fourier series of functions of
bounded variation. Publ. Inst. Math. (Beograd) (N.S.) 26(40) (1979), 57–60.
[5] Chanturia Z. A. The modulus of variation of a function and its application in the
theory of Fourier series, Soviet. Math. Dokl. 15 (1974), 67-71.
[6] Dyachenko M. I, Waterman classes and spherical partial sums of double Fourier series,
Anal. Math. 21(1995), 3-21
[7] Dyachenko M. I. Two-dimensional Waterman classes and u-convergence of Fourier
series (Russian).Mat. Sb. 190, 7(1999), 23–40; English transl.in Sb. Math. 190, 7-
8(1999), 955–972.
[8] Dyachenko M. I., Waterman D. Convergence of double Fourier series and W-classes,
Trans. Amer. Math. Soc. 357 (2005), 397-407.
[9] Dragoshanski˘ı O. S. Continuity in Λ-variation of functions of several variables. (Rus-
sian) Mat. Sb. 194 (2003), no. 7, 57–82; translation in Sb. Math. 194 (2003), no. 7-8,
1009–1034.
[10] Goginava U. Uniform convergence of Cesa´ro means of negative order of double Walsh-
Fourier series. J. Approx. Theory. 124 (2003), 96-108.
[11] Goginava U. On the uniform convergence of multiple trigonometric Fourier series.
East J. Approx. 3, 5(1999), 253-266.
[12] Goginava U., Sahakian A. On the convergence of double Fourier series of functions
of bounded partial generalized variation. East J. Approx. 16 (2010), no. 2, 153–165.
20 USHANGI GOGINAVA
[13] Hardy G. H. On double Fourier series and especially which represent the double zeta
function with real and incommensurable parameters. Quart. J. Math. Oxford Ser.
37(1906), 53-79.
[14] Jordan C. Sur la series de Fourier. C.R. Acad. Sci. Paris. 92(1881), 228-230.
[15] Kvernadze G. Uniform convergence of Fourier-Jacobi series. J. Approx. Theory 117
(2002), no. 2, 207–228.
[16] Kvernadze G. Uniform convergence of Fourier-Jacobi series. (Georgian) Soobshch.
Akad. Nauk Gruzin. SSR 137 (1990), no. 2, 257–259.
[17] Kvernadze G. Uniform convergence of Fourier-Legendre series. (Russian) Soobshch.
Akad. Nauk Gruzin. SSR 127 (1987), no. 2, 257–259.
[18] Marcinkiewicz J. On a class of functions and their Fourier series. Compt. Rend. Soc.
Sci. Warsowie, 26( 1934), 71-77.
[19] Powierska M. On the rate of convergence of some orthogonal polynomial expansions.
JIPAM. J. Inequal. Pure Appl. Math. 9 (2008), no. 1, Article 11, 9 pp.
[20] Sablin A. I. Λ-variation and Fourier series (Russian), Izv. Vyssh. Uchebn. Zaved. Mat.
10 (1987), 66–68; English transl. in Soviet Math. (Iz. VUZ) 31 (1987).
[21] Sahakian A. A. On the convergence of double Fourier series of functions of bounded
harmonic variation (Russian). Izv. Akad. Nauk Armyan. SSR Ser. Mat. 21, 6(1986),
517-529; English transl., Soviet J. Contemp. Math. Anal. 21, 6(1986), 1-13.
[22] Suetin P. K. Classical Orthogonal Polynomials, 2nd rev. ed., Nauka, Moscow, 1979.
[23] Wiener N. The quadratic variation of a function and its Fourier coefficients. Mas-
sachusetts J. Math., 3 (1924), 72-94.
[24] Waterman D. On convergence of Fourier series of functions of generalized bounded
variation. Studia Math., 44, 1(1972), 107-117.
[25] Zygmund A. Trigonometric series. Cambridge University Press, Cambridge, 1959.
U. Goginava, Department of Mathematics, Faculty of Exact and Natural
Sciences, Tbilisi State University, Chavchavadze str. 1, Tbilisi 0128, Georgia
E-mail address: zazagoginava@gmail.com
